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Even though foundations of the eigenstate thermalization hypothesis (ETH) are based on random
matrix theory, physical Hamiltonians and observables substantially differ from random operators.
One of the major challenges is to embed local integrals of motion (LIOMs) within the ETH. Here
we focus on their impact on fluctuations and structure of the diagonal matrix elements of local
observables. We first show that nonvanishing fluctuations entail the presence of LIOMs. Then we
introduce a generic protocol to construct observables, subtracted by their projections on LIOMs as
well as products of LIOMs. The protocol systematically reduces fluctuations and/or the structure
of the diagonal matrix elements. We verify our arguments by numerical results for integrable and
nonintegrable models.
Introduction. Nonequilibrium dynamics of isolated
quantum many-body systems can nowadays be studied
both theoretically and experimentally. In the latter case,
quantum simulators based on, e.g., quantum gases [1–4]
provide a platform to address fundamental questions of
quantum mechanics, such as whether and how an initial
nonequilibrium system reaches a thermal state [5–11].
Rigorous theoretic approaches, ranging from the von
Neumann’s quantum ergodic theorem [12, 13] to the ran-
dom matrix theory [9], provide general understanding of
thermalization in isolated quantum systems. Neverthe-
less, much less is known about thermalization of few-
body and local operators, which are relevant for experi-
ments. Indeed, it has recently been shown that few-body
operators are atypical [14] in the sense that they violate
predictions of the theories mentioned above.
Based on random matrix theory, the eigenstate ther-
malization hypothesis (ETH) provides a framework to
explain thermalization of local observables [15] in macro-
scopic quantum systems [9, 16–20]. While the ETH has
not yet been rigorously proved, strong numerical evidence
supports validity of the ETH in various generic Hamil-
tonians with local interactions [19, 21–44]. The ETH is
most commonly expressed by the Srednicki ansatz [18] for
the matrix elements of local observables Anm = 〈n|Aˆ|m〉
in the basis of eigenstates {|n〉} of the Hamiltonian Hˆ.
The focus of this work are the diagonal matrix elements,
which are (up to fluctuations) smooth functions of en-
ergies, Ann ' A(En). An important feature beyond
predictions of random matrix theory is that in general
A(En) 6= const. In other words, Ann show some struc-
ture [9, 14], e.g., the slope of A(En) is nonzero as shown
in Fig. 1. As a consequence of the structure, quantitative
measures of fluctuations in finite systems, defined within
energy windows that scale polynomially with system size,
may be ambiguous. The most powerful indicator of the
ETH established so far are ”local” fluctuations of Ann
(expressed in terms of nearest level fluctuations of Ann),
which decay exponentially with system size [31, 36, 42].
In the context of quadratic and Bethe ansatz integrable
models (shortly, integrable models), it is well known that
FIG. 1. Sketch of the diagonal matrix elements Ann [dots]
and the smooth function A(En) [line]. Here, Aˆ is the normal-
ized kinetic energy of a nonintegrable model (16) at L = 21.
Arrows denote two properties studied here: Structure, i.e.,
A(En) 6= const, and fluctuations of Ann above A(En).
fluctuations of most local observables decay slower than
exponential, and hence the ETH is violated [22, 45–47].
This observation can be explained by arguing that Hamil-
tonian eigenstates with a similar distribution of local in-
tegrals of motion (LIOMs) also exhibit similar values of
the diagonal matrix elements of observables. Those argu-
ments form the basis of the generalized ETH [45, 46, 48]
and the quench action approach [49–55], which both pro-
vide a framework to explain the success of the generalized
Gibbs ensemble to describe equilibration in integrable
systems [46, 56]. In spite of those advances [57], nev-
ertheless, the quantitative role of integrals of motion in
the ETH remains widely unexplored.
In this Letter we develop a theory that quantifies the
impact of integrals of motion on fluctuations and struc-
ture of the diagonal matrix elements of local observables
(shortly, observables). First we show that a specific size–
dependence of the latter fluctuations entails the presence
of LIOMs. Then, we outline a generic procedure, ap-
plicable to both integrable and nonintegrable models, in
which observables are subtracted by their projections on
LIOMs as well as products of LIOMs (that are few-body
but nonlocal conserved operators). This reduces fluc-
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2tuations and/or the structure of the diagonal matrix ele-
ments, which is explicitly demonstrated in two examples.
Preliminaries. We study translationally–invariant (TI)
chains with L sites and discuss traceless TI observables,
Aˆ = 1/
√
L
∑L
j=1 aˆj , where aˆj is the density of Aˆ sup-
ported in the vicinity of site j. The choice of the prefac-
tor 1/
√
L is uncommon but convenient since it yields the
operators normalized, i.e., 0 < limL→∞ ||Aˆ|| < ∞. The
Hilbert-Schmidt norm ||Aˆ|| is defined as
||Aˆ||2 = 〈AˆAˆ〉 = 1
Z
∑
n
〈n|Aˆ2|n〉 = 1
Z
∑
n,m
|Anm|2 , (1)
where Z is the Hilbert space dimension. We in-
troduce averaging over infinite time window, ˆ¯A =
limτ→∞
∫ τ
0
dtAˆ(t)/τ , which projects out the off–diagonal
matrix elements of the observable Aˆ such that ˆ¯A =∑
nAnn|n〉〈n|. We define the operator stiffness σ2A as
the squared norm of the time-averaged operator
σ2A = 〈 ˆ¯A ˆ¯A〉 =
1
Z
∑
n
(Ann)
2 . (2)
Finally, we introduce fluctuations of diagonal matrix el-
ements above their microcanonical average [28, 58],
Σ2A(∆) =
1
Z∆
∑
En∈∆
[Ann −A(En)]2 , (3)
where A(En) is the microcanonical average of Aˆ at energy
En and Z∆ is the number of eigenstates in the energy
window ∆. If fluctuations are sampled over all eigen-
states, then Z∆ → Z and Σ2A(∆) → Σ2A. The role of
A(En) is to remove the structure of the diagonal matrix
elements, if present. For observables with no structure
[i.e., for A(En) → 0], the stiffness σ2A becomes identi-
cal to Σ2A. An important property used throughout the
paper is that Σ2A increases if the microcanonical average
A(En) is replaced by other smooth function f(En),
Σ2A ≤
1
Z
∑
n
[Ann − f(En)]2 . (4)
Physically, we justify the normalization of observables
and the use of stiffness recalling the results for ballistic
particle transport in one-dimensional integrable models.
The ballistic transport shows up as nonvanishing charge
stiffness σ2I > 0 in the thermodynamic limit [59–77], de-
fined for the observable Iˆ = 1/
√
L
∑
i ˆi, where ˆi is the
charge current flowing between sites i and i + 1. Since
the microcanonical average I(En) vanishes due to time–
reversal symmetry, i.e., the observable Iˆ has no structure,
the nonvanishing stiffness σ2I also reflects nonvanishing
fluctuations Σ2I and the breakdown of the ETH [26].
We introduce a measure of violation of the ETH in
integrable systems: fluctuations Σ2A(∆) of a normalized,
traceless TI observable Aˆ do not vanish,
lim
L→∞
Σ2A(∆) > 0 , (5)
for arbitrary energy window ∆. We verify Eq. (5)
for other structureless operator in an interacting inte-
grable model [78]. We also note that the validity of
Eq. (5) is supported by results for intensive observables
Aˆint = Aˆ/
√
L in integrable models, for which typically
Σ2Aint ∼ 1/L, as reported in Refs. [58, 79–81]. In this
case, vanishing of Σ2Aint can be viewed as a consequence
of the vanishing operator norm, ||Aˆint||2 ∼ 1/L. In fact,
if A(En) = 0, Eqs. (1) and (3) imply Σ
2
Aint ≤ ||Aˆint||2.
Violation of ETH entails existence of LIOMs. Viola-
tion of the ETH, as defined in Eq. (5), implies [together
with Eq. (4)] an inequality
0 <
1
Z
∑
n
[Ann − f(En)]2 , (6)
which in the thermodynamic limit holds for arbitrary
smooth function of energy f(En). We show in what fol-
lows that Eq. (6) entails the presence of LIOMs. We
introduce a projected observable
Aˆ⊥ = Aˆ− pAHˆ , pA = 〈AˆHˆ〉〈HˆHˆ〉 , (7)
and argue that the time-averaged observable ˆ¯A⊥ is a
LIOM, orthogonal to the Hamiltonian Hˆ.
We first recall that any time-averaged operator is con-
served (but not necessarily local), and that time averag-
ing is an orthogonal projection 〈 ˆ¯ABˆ〉 = 〈Aˆ ˆ¯B〉 = 〈 ˆ¯A ˆ¯B〉,
where 〈AˆBˆ〉 is the Hilbert-Schmidt scalar product of op-
erators Aˆ and Bˆ, see Eq. (1). Then, orthogonality of ˆ¯A⊥
to Hˆ follows from orthogonality of Aˆ⊥ to Hˆ in construc-
tion of Eq. (7), since 〈Hˆ ˆ¯A⊥〉 = 〈 ˆ¯HAˆ⊥〉 = 〈HˆAˆ⊥〉 = 0.
The key step is to show locality of ˆ¯A⊥. In general,
testing locality of integrals of motion via analyzing their
supports is a tough problem. However, it is known that
in the thermodynamic limit only LIOMs (including pseu-
dolocal conserved operators [68]) contribute to the Mazur
bound [61, 82]
〈 ˆ¯A ˆ¯A〉 ≥
∑
α
〈AˆQˆα〉2
〈QˆαQˆα〉
. (8)
Hence any conserved operator Qˆα is local (or pseudolo-
cal) when 〈AˆQˆα〉2/〈QˆαQˆα〉 > 0 for some normalized,
TI and local observable Aˆ. The latter concept relaxes
the constraint on strictly local densities of LIOMs and is
equivalent to the definition of pseudolocality introduced
in Ref. [83]. Using the identity 〈 ˆ¯A⊥ ˆ¯A⊥〉 = 〈Aˆ⊥ ˆ¯A⊥〉 =
〈(Aˆ− pAHˆ) ˆ¯A⊥〉 = 〈Aˆ ˆ¯A⊥〉 we get
〈Aˆ ˆ¯A⊥〉2
〈 ˆ¯A⊥ ˆ¯A⊥〉
= 〈 ˆ¯A⊥ ˆ¯A⊥〉 = σ2A⊥ . (9)
Inequality (6) implies that the stiffness of Aˆ⊥ is nonzero,
σ2A⊥ = 〈 ˆ¯A⊥ ˆ¯A⊥〉 =
1
Z
∑
n
(Ann − pAEn)2 > 0, (10)
3hence the conserved operator ˆ¯A⊥ is local or pseudolocal.
Testing completeness of a set of LIOMs. We next con-
sider a system which contains an orthogonal set of LIOMs
{Qˆα}, 〈QˆαQˆβ〉 ∝ δαβ , and we generalize the definition of
projected observables, introduced in Eq. (7), to
Aˆ⊥ = Aˆ−
∑
α
pAαQˆα , pAα =
〈AˆQˆα〉
〈QˆαQˆα〉
. (11)
The observables Aˆ⊥ and ˆ¯A⊥ are orthogonal to all LIOMs
{Qˆα} since 〈 ˆ¯A⊥Qˆβ〉 = 〈Aˆ⊥Qˆβ〉 = 〈AˆQˆβ〉−pAβ〈QˆβQˆβ〉 =
0, and as a consequence, Eq. (9) is still valid. If the set
of LIOMs is complete, then the norm of ˆ¯A⊥ must vanish
in the thermodynamic limit, and hence
lim
L→∞
σ2A⊥ = 0. (12)
Otherwise, ˆ¯A⊥ is local (or pseudolocal) and it represents
an additional LIOM which is missing in the set {Qˆα}.
Size-dependence of the stiffness. As an important out-
come of previous analysis we introduced projected oper-
ators Aˆ⊥, which are still local operators but their stiff-
nesses vanish in the thermodynamic limit. They can be
constructed for both integrable and nonintegrable mod-
els. For the latter, Hˆ is the only LIOM and the stiffness
vanishes for Aˆ⊥ defined in Eq. (7).
We conjecture that the stiffness may be further reduced
if operators are additionally subtracted by their projec-
tions on products of LIOMs, which are few-body nonlo-
cal operators. Below we provide analytical and numerical
evidence for our conjecture.
Products of LIOMs in generic systems. We first study
a generic system where the only LIOM is the Hamiltonian
Hˆ, and hence the only products of LIOMs are the powers
of Hˆ. We start by finding the polynomial f(En) that
minimizes the right hand side of Eq. (4). This is the best
polynomial fit to the microcanonical average A(En). We
introduce a polynomial of degree k of the Hamiltonian
(also denoted as the k-product of Hamiltonian),
Hˆ⊥k = Hˆk −
k−1∑
j=1
〈HˆkHˆ⊥j〉
〈Hˆ⊥jHˆ⊥j〉
Hˆ⊥j , (13)
where Hˆ⊥1 = Hˆ. The k-products are orthogonal by con-
struction, 〈Hˆ⊥kHˆ⊥l〉 ∝ δk,l. Then, the central step is to
construct k-projected observables Aˆ⊥k,
Aˆ⊥k = Aˆ−fˆk(Hˆ) , fˆk(Hˆ) =
k∑
j=1
〈AˆHˆ⊥j〉
〈Hˆ⊥jHˆ⊥j〉
Hˆ⊥j , (14)
which can be seen as a generalized form of Eq. (11), with
Aˆ⊥1 ≡ Aˆ⊥. Using orthogonality of Hˆ⊥k one easily finds
an explicit form of the k–stiffness,
σ2A⊥k = σ
2
A −
k∑
j=1
rj , rj =
〈AˆHˆ⊥j〉2
〈Hˆ⊥jHˆ⊥j〉
, (15)
FIG. 2. Diagonal matrix elements of observables Aˆ and Bˆ
(see text for definitions) for the generic Hamiltonian Hˆ (16).
Symbols in (a) and (c) show Ann and Bnn, respectively, ver-
sus En for L = 21 sites, while lines represent fk=L(En) (14).
(b) and (d): stiffness σ2A and σ
2
B , respectively, and the cor-
responding k–stiffness σ2A⊥k and σ
2
B⊥k , where σ
2
A⊥1 ≡ σ2A⊥ .
In (b) we also plot the projection r2 (15). Solid and dashed
lines are guides to the eye, given by polynomial (∼ 1/L) and
exponential (∼ e−L/2.2) functions, respectively.
where the stiffness at k = 1 is σ2A⊥1 ≡ σ2A⊥ . In [78]
we show that fk(En) = 〈n|fˆk(Hˆ)|n〉 is indeed the best
polynomial fit to A(En) for a given degree k, hence
limk→∞ fk(En) = A(En).
It follows from Eq. (15) that the stiffness σ2A is bounded
from below by all rk, i.e., by the projections of Aˆ on
k–th power of the Hamiltonian. Using a Gaussian den-
sity of states one can show [78] that rk ∼ O(1/Lk−1).
Below, we demonstrate that the stiffness σ2A may be re-
duced order by order via subtracting these projections,
i.e., via considering operators Aˆ⊥k introduced in Eq. (14),
for which the leading term of the k–stiffness σ2A⊥k is at
most of the order O(1/Lk). The physical picture behind
our construction is that the diagonal matrix elements of
k-projected observables Aˆ⊥k become structureless, i.e.,
they become closer to the ones typical for the random
matrix theory.
For this sake, we study a nonintegrable periodic chain
of interacting spinless fermions on L sites and with N =
L/3 particles,
Hˆ = −
L∑
j=1
(eiφcˆ†j+1cˆj+H.c.)+
L∑
j=1
(V ˆ˜nj ˆ˜nj+1+W ˆ˜nj ˆ˜nj+2) .
(16)
Here, nˆj = cˆ
†
j cˆj ,
ˆ˜nj = nˆj − 1/3 and we set V = W = 1.
The Hamiltonian (16) has been diagonalized separately
in each sector with total momentum q. We remove de-
4generacies in all q–sectors by introducing a flux φ = 2pi/L
and pi/L for even and odd N , respectively.
We study two observables: the generalized hopping en-
ergy Aˆ = 1√
L
∑
j(κˆj + κˆ
†
j), and the generalized current
Bˆ = 1√
L
∑
j i(κˆj − κˆ†j), with κˆj = e2iφcˆ†j+1(1− 3nˆj)cˆj−1.
In Figs. 2(a) and 2(c) we show their diagonal matrix ele-
ments Ann and Bnn, respectively, and the corresponding
polynomial fits fk=L(En) from Eq. (14).
A common feature of both observables is that they
have zero projection on Hˆ [i.e., r1 = 0 in Eq. (15)], and
hence σ2A = σ
2
A⊥ and σ
2
B = σ
2
B⊥ . In contrast, the ob-
servable Aˆ has nonzero while the observable Bˆ has zero
projection on the 2-product of Hˆ. This explains the ori-
gin of the power-law decay (∝ 1/L) of σ2A⊥ in Fig. 2(b)
(see also results for r2, which approach σ
2
A⊥ for large
L). After the contribution from r2 is subtracted from
the operator, we observe a nearly exponential decay of
σ2A⊥k with L for k ≥ 2 in Fig. 2(b). We note also that Bˆ
has no projection on any power of the Hamiltonian, i.e.,
the diagonal matrix elements have no structure, and σ2B
decays exponentially with L.
Products of LIOMs in integrable systems. We now turn
our focus to integrable models, for which the set of prod-
ucts of LIOMs is much richer. A general k-product of
LIOMs should be built iteratively, in analogy to Eq. (13).
Note that the entire set of products of LIOMs should be
orthogonal. In the case of 2-products of LIOMs, denoted
by Xˆγ(α,β) = QˆαQˆβ − 〈QˆαQˆβ〉, this is achieved by
Xˆ⊥γ = Xˆγ −
∑
α
〈XˆγQˆα〉
〈QˆαQˆα〉
Qˆα −
γ−1∑
γ′=1
〈Xˆ⊥γXˆ⊥γ′〉
〈Xˆ⊥γ′Xˆ⊥γ′〉
Xˆ⊥γ′ .
(17)
As an example, we study a chain of hard-core bosons
(HCBs) with the Hamiltonian HˆHCB = −
∑
j(bˆ
†
j+1bˆj +
h.c.) using periodic boundaries and the onsite constraints
(bˆ†j)
2 = (bˆj)
2 = 0, where bˆ†j (bˆj) creates (annihilates) a
boson on site j. A complete set of LIOMs {Qˆα} is given
by noninteracting spinless fermions onto which the HCBs
are mapped (see [78] for details).
We construct a two-body structureless observable Jˆ =√
2
L
∑
j
(
ibˆ†j+1nˆj bˆj−1 + H.c.
)
, for which the microcanon-
ical average vanishes, J(En) = 0. Figure 3(a) shows
the diagonal matrix elements Jnn for two system sizes
L, and Fig. 3(b) shows that the stiffness σ2J extrapolates
to a nonzero value in the thermodynamic limit L → ∞.
These results signal violation of the ETH as stated in
Eq. (5) and the existence of LIOMs.
We then construct a projected observable Jˆ⊥ according
to Eq. (11) using a complete set of LIOMs. Figure 3(c)
reveals that the support of the diagonal matrix elements
of (J⊥)nn is reduced when compared to Jnn in Fig. 3(a).
Moreover, Fig. 3(d) shows a vanishing stiffness σ2J⊥ ∝
1/L, in agreement with Eq. (12).
Finally, we construct the 2-projected observable Jˆ⊥2,
which is a generalization of Eq. (14) for k = 2 to include
FIG. 3. Diagonal matrix elements of the observable Jˆ , pro-
jected observable Jˆ⊥, and 2-projected observable Jˆ⊥2, for the
integrable HCBs Hamiltonian HˆHCB that includes all particle
sectors (see text for details). (a), (c) and (e): Jnn, (J⊥)nn
and (J⊥2)nn, respectively, for L = 18 (bright blue symbols)
and L = 12 (dark red symbols). (b), (d) and (f): stiffness σ2J
and k-stiffness σ2J⊥ ≡ σ2J⊥1 (for k = 1) and σ2J⊥2 (for k = 2),
respectively. The insets show histograms of the corresponding
distributions of the matrix elements. Lines in (b) and (d) are
the functions 1/4 + (3/4)L−1 and (3/4)L−1, respectively.
all the possible 2-products of LIOMs Xˆ⊥γ from Eq. (17).
Remarkably, all the diagonal matrix elements of (J⊥2)nn
are exactly zero already in finite systems, as shown in
Figs. 3(e) and 3(f). This reveals a special instance of the
ETH, where the diagonal matrix elements form a well-
defined function with zero fluctuations at any system size.
Conclusions. In this Letter we made steps towards a
unified treatment of the ETH in integrable and generic
quantum systems. We introduced a protocol to con-
struct projected observables, i.e., observables subtracted
by their projections on LIOMs and products of LIOMs.
In the case of generic nonintregrable systems, these ob-
servables gradually become structureless (albeit nonlo-
cal) similarly to the quantities in the random matrix
theory. We have demonstrated that fluctuations of the
diagonal matrix elements of projected observables decay
exponentially with the system size. Finally, we conjec-
ture for integrable systems that this approach eliminates
5not only the structure but also fluctuations of the di-
agonal matrix elements which originate from projections
on products of LIOMs others than Hamiltonian. So far
our applications concerned translationally invariant sys-
tems, and extensions to models without translational in-
variance, e.g. disordered systems, are desired for future
work.
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S1. OBSERVABLES IN INTEGRABLE SYSTEMS
Here we study the scaling of fluctuations and stiffnesses
of the diagonal matrix elements of operators in an inte-
grable chain of interacting spinless fermions, and discuss
normalization of operators. We consider the Hamilto-
nian in Eq. (16) (see the main text) with W = 0, di-
agonalized separately in each sector with total momen-
tum q. All other parameters, including the particle filling
N/L = 1/3, remain the same as in the main text. We
study two normalized current operators (i.e., operators
that have a L-independent norm),
oˆj = ie
2iφcˆ†j+1cˆj−1 + H.c. , (S1)
Oˆ =
√
L− 1
L
∑
j
oˆj , (S2)
for which microcanonical averages vanish, i.e., oj(En) =
O(En) = 0.
Figure S1(a) [filled symbols] shows the fluctuations
Σ2O(∆), see Eq. (3), and the stiffness σ
2
O, see Eq. (2),
for the observable Oˆ. The fluctuations are calculated in
the energy interval ∆ ∈ [E∞ − δ, E∞ + δ] using δ = 3,
where E∞ is the energy that corresponds to infinite tem-
perature. Open symbols in Fig. S1(a) show results in a
single q-sector, which we denote by Σ2O,q and σ
2
O,q. Re-
sults confirm that these quantities do not vanish in the
thermodynamic limit and are consistent with Eq. (5) in
the main text.
In Fig. S1(b) we compare the stiffnesses σ2O and σ
2
oj
of observables Oˆ and oˆj , respectively. While σ
2
O remains
finite in the thermodynamic limit, σ2oj decays as 1/L,
despite both operators being normalized. The essential
difference between these operators is that only Oˆ is trans-
lationally invariant. In this sense, Oˆ is compatible with
the symmetries of the Hamiltonian and with the transla-
tionally invariant LIOMs. The operator oˆj is, in contrast,
not translationally invariant. For each translationally in-
variant LIOM Qˆα =
∑
i qˆα,i one finds the projection
〈oˆjQˆα〉2
〈QˆαQˆα〉
∼ 〈oˆj qˆα,j〉
2∑
i〈qˆα,iqˆα,i〉
. (S3)
This projection is at most of the order O(1/L) and hence
none of the translationally invariant LIOM can be derived
from the stiffness of oˆj .
To summarize, we note that if the stiffness of a nor-
malized operator does not vanish in the thermodynamic
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FIG. S1. (a) Filled symbols represent the stiffness σ2O and
the fluctuations Σ2O(∆) of the observable Oˆ from Eq. (S2).
Open symbols represent the same quantity, but calculated in
a single q-sector only. (b) Stiffness σ2O and σ
2
oj of observables
Oˆ (S2) and oˆj (S1), respectively. Solid and dashed lines are
fits to the function α + β/L [we set α = 0 for the dashed
line in (b)]. All fits of the data correspond to three largest L
points.
limit, then it entails the presence of a LIOM. However,
the opposite claim does not hold true. When an operator
is incompatible with the structure of LIOMs, e.g. with
respect to translational symmetry, its stiffness may van-
ish (as a power law) in the thermodynamic limit despite
the presence of LIOMs.
S2. PRODUCTS OF LIOMS IN GENERIC
SYSTEMS
Best polynomial fit to the microcanonical average. The
best fit to A(En) via the polynomial of degree k is given
by the matrix elements fk(En) = 〈n|fˆk(Hˆ)|n〉, where
fˆk(Hˆ) =
k∑
j=1
〈AˆHˆ⊥j〉
〈Hˆ⊥jHˆ⊥j〉
Hˆ⊥j , (S4)
and the j-products of Hˆ, denoted as Hˆ⊥j , are defined by
Eq. (13) in the main text. In order show that Eq. (S4) is
indeed the best fit, one needs to show that this particular
function f minimizes the stiffness of Aˆ⊥k = Aˆ− fˆk(Hˆ),
σ2A⊥k = 〈 ˆ¯A⊥k ˆ¯A⊥k〉 =
1
Z
∑
n
[Ann − fk(En)]2 . (S5)
We note that Aˆ⊥k is orthogonal to Hˆ⊥i for all i ≤ k,
hence 〈 ˆ¯A⊥kHˆ⊥i〉 = 〈Aˆ⊥kHˆ⊥i〉 = 0. Moreover, all Hˆ⊥i are
9mutually orthogonal by construction, 〈Hˆ⊥jHˆ⊥i〉 ∝ δij .
One may modify coefficients of the polynomial, fˆ ′k(H) =
fˆk(H)+
∑
j αjHˆ⊥j and introduce the corresponding pro-
jected operator Aˆ′⊥k = Aˆ− fˆ ′k(H). Then,
1
Z
∑
n
[Ann − f ′k(En)]2 = 〈 ˆ¯A′⊥k ˆ¯A′⊥k〉
= 〈( ˆ¯A⊥k −
∑
j
αjHˆ⊥j)2〉 = σ2A⊥k +
∑
j
α2j ||Hˆ⊥j ||2.
(S6)
Therefore, any modification of the polynomial in Eq. (S4)
increases the stiffness of the projected operator.
Projections on powers of Hamiltonian. Here, we dis-
cuss the L–dependence of the projection ri, as defined
via Eq. (15) in the main text, for a generic nonintegrable
system. Our main assumption is that the many-body
density of states is a Gaussian function
ρ(E) =
1
Z
∑
n
δ(E − En) =
exp
(
−E2
2Lε20
)
√
2piLε20
, (S7)
where, for simplicity, we put ε0 = 1. We consider diag-
onal matrix elements of the k-products of Hˆ, as defined
via Eq. (13) in the main text. Since, 〈Hˆ⊥iHˆ⊥j〉 ∝ δij , it
is useful to define normalized operators as
H˜⊥i =
Hˆ⊥i√
〈Hˆ⊥iHˆ⊥i〉
, 〈H˜⊥iH˜⊥j〉 = δij . (S8)
As it follows from Eq. (13) in the main text, H˜⊥i =
wˆi(Hˆ), where wi is a polynomial of degree i. Using the
orthogonality relation, Eq. (S8), together with the den-
sity of states we find that polynomials wi are orthogonal
with the Gaussian weight function
∫ ∞
−∞
dE wi(E)wj(E)
exp
(
−E2
2L
)
√
2piL
= δij . (S9)
Comparing the latter equation with the orthogonality re-
lation for the Hermite polynomials Hi,∫ ∞
−∞
dxHi(x)Hj(x) exp(−x2) = δij
√
pi(i!)2i, (S10)
one finds for the Gaussian density of state that H˜⊥i is
the Hemite polynomial of Hˆ of degree i
wi(Hˆ) =
Hi
(
Hˆ√
2L
)
√
2ii!
. (S11)
We consider a translationally invariant normalized ob-
servable Aˆ that fulfills the ETH. Namely, we assume that
its diagonal matrix elements are determined by the en-
ergy density up to exponentially decaying fluctuations,
〈n|Aˆ|n〉 =
√
L A
(
En
L
)
+On(e
−L), (S12)
where the term
√
L originates from normalization dis-
cussed in the main text. In order to obtain the projection
ri defined in the main text in Eq. (15) we calculate
r˜i =
√
ri = 〈AH˜⊥i〉 (S13)
=
∫ ∞
−∞
dE
√
L A
(
E
L
)
wi(E)
exp
(
−E2
2L
)
√
2piL
,
=
√
L
pi
∫ ∞
−∞
dxA
(
x
√
2/L
) Hi(x)√
2ii!
exp(−x2) .
We expand the microcanonical average A
(
x
√
2/L
)
in
power series. We also use the fact that the Hermite poly-
nomial Hi(x) is orthogonal to all polynomials of degree
j < i. Therefore, the leading contribution to r˜i comes
from the i-th order expansion of A
(
x
√
2/L
)
and, there-
fore, scales with L according to
r˜i ∼
(
1√
L
)i−1
. (S14)
Finally, one finds that the projections which determine
the stiffness decay with L according to the power-law
ri = r˜
2
i ∼
1
Li−1
. (S15)
S3. LIOMS IN INTEGRABLE SYSTEMS
In the main text, we also study integrable HCBs, which
can be mapped onto spins 1/2 and spin 1/2 onto spinless
fermions as bˆj = e
ipi
∑
m<j cˆ
†
mcˆm , such that the Hamilto-
nian HˆHCB maps onto a Hamiltonian for noninteracting
spinless fermions, HˆSF = −
∑
j(cˆ
†
j+1cˆj + h.c.). For the
latter, we define a set of orthogonal and normalized con-
served one-body operators as
Tˆ (0) =
1√
L
(
2Nˆ − L
)
, (S16)
Tˆ (n) = −
√
2
L
∑
j
(
cˆ†j cˆj+n + cˆ
†
j+ncˆj
)
, (S17)
Jˆ (n) = −i
√
2
L
∑
j
(
cˆ†j cˆj+n − cˆ†j+ncˆj
)
, (S18)
Tˆ (L/2)= − 1√
L
(
cˆ†j cˆj+L/2 + cˆ
†
j+L/2cˆj
)
, (S19)
where we assumed in Eq. (S19) that L is an even integer.
A complete set of L conserved one-body operators (for
finite systems under considerations also called a complete
set of LIOMs) is obtained by setting n = 1, 2, ..., L/2−1.
